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Abstract 



o 

O |. We discuss three different formulations of the equivariant Iwasawa main conjecture 

attached to an extension fC/k of totally real fields with Galois group Q, where A; is a 
number field and Q is a p-adic Lie group of dimension 1 for an odd prime p. All these 
\Q ' formulations are equivalent and hold if Iwasawa's /i-invariant vanishes. Under mild 

. hypotheses, we use this to prove non-abelian generalizations of Brumer's conjecture, 

the Brumer-Stark conjecture and a strong version of the Coates-Sinnott conjecture 
^-h ■ provided that /i = 0. 

■ Introduction 

Let K/k be a finite Galois CM-extension of number fields with Galois group G. To each 
finite set S of places of k which contains all the infinite places, one can associate a so- 
called "Stickelberger element" 6g{K/k) in the center of the group ring algebra CG. This 
' Stickelberger element is defined via L-values at zero of S'-truncated Artin L-functions 

attached to the (complex) characters of G. Let us denote the roots of unity of K by fix 
! and the class group of K by cL^-. Assume that S contains the set S tam of all finite primes 

' of k which ramify in K/k. Then it was independently shown in |Ca79| . |DR80| and |Ba77| 

Q^ ■ that for abelian G one has 

Ann ZG (fi K )d s (K/k) C ZG. (1) 

Now Brumer's conjecture asserts that Ami%G{l J 'K)Gs{K/k) annihilates c\k- There is a large 
body of evidence in support of Brumer's conjecture (cf. the expository article [Gr04j); in 
particular, Greither |Gr07| has shown that the appropriate special case of the equivariant 
Tamagawa number conjecture (ETNC) implies the p-part of Brumer's conjecture for an 
odd prime p if the p-part of is a c.t. (short for cohomologically trivial) G-module. A 
similar result for arbitrary G was proven by the author (NilOj, improving an unconditional 
annihilation result due to Burns and Johnston |BJ11| . Note that the assumptions made in 
loc.cit. are adapted to ensure the validity of the strong Stark conjecture. Moreover, in [NiaJ, 
the author has introduced non-abelian generalizations of Brumer's conjecture, the Brumer- 
Stark conjecture and of the so-called strong Brumer-Stark property. The extension K/k 
fulfills the latter if certain Stickelberger elements are contained in the (non-commutative) 
Fitting invariants of corresponding ray class groups; but it does not hold in general, even if 
G is abelian, as follows from the results in [GK08j . But if this property happens to be true, 
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this also implies the validity of the (non-abelian) Brumer-Stark conjecture and Brumer's 
conjecture. We will prove the p-part of a dual version of the strong Brumer-Stark prop- 
erty for an arbitrary CM-extension of number fields and an odd prime p under the only 
restriction that S contains all the p-adic places of k and that Iwasawa's //-invariant van- 
ishes. In particular, this implies the (non-abelian) Brumer-Stark conjecture and Brumer's 
conjecture under the same hypotheses. 

For this, we have to discuss three different versions of the equivariant Iwasawa main 
conjecture (EIMC). The first formulation is due to Ritter and Weiss |RW04|, the second 
follows the framework of [CFKSV05J and was used by Kakde [KaJ in his proof of the 
EIMC. Finally, Greither and Popescu |GrP] have formulated an EIMC via the Tate mod- 
ule of a certain Iwaswawa-theoretic abstract 1-motive; but they restrict their formulation 
to abelian extensions. So one of our first tasks is to give a formulation of their conjecture 
in the non-abelian situation as well. In fact, it will be this formulation which will lead to 
the above mentioned proof of the (dual) strong Brumer-Stark property. All variants of the 
EIMC hold if Iwasawa's /x-invariant vanishes. This follows from the recent result of Ritter 
and Weiss |RWa] on the EIMC for p-adic Lie groups of dimension 1. In fact, this can be 
generalized to Lie groups of higher dimension as shown by Kakde [KaJ and, independently, 
by Burns [BubJ. 

Finally, we will introduce a (non-abelian) analogue of the strong Brumer-Stark prop- 
erty for higher etale cohomology groups. For abelian extensions, this property implies the 
Coates-Sinnott conjecture, and for arbitrary extensions it implies a non-abelian analogue 
of this conjecture which is closely related to the central conjecture in |Nillc| . In contrast 
to the strong Brumer-Stark property, we conjecture that its higher analogue holds in gen- 
eral and we consequently will call this conjecture the (non-abelian) strong Coates-Sinnott 
conjecture. We provide several reduction steps which under certain mild hypotheses allows 
us to assume that K/k is a Galois CM-extension. In this situation, we show that the 
strong Coates-Sinnott conjecture is (nearly) equivalent to an appropriate special case of 
the ETNC. We may conclude that the strong Coates-Sinnott conjecture holds provided 
that [i = 0, since these special cases of the ETNC have been proven by Burns [Bub] under 
this assumption. We also give a direct proof of our conjecture, still assuming that [i = 0, 
using our new formulation of the EIMC. This will also provide a new proof of Burns' result 
on the ETNC. 

This article is organized as follows. In section 1, we provide the necessary background 
material. In particular, we discuss the notion of non-commutative Fitting invariants which 
have been introduced by the author [NilOj, and how we may define them for certain perfect 
complexes. In section 2, we give the formulation of the EIMC due to Ritter and Weiss, 
but using Fitting invariants rather than the Horn description. We show that the canonical 
complex which occurs in the construction of Ritter and Weiss is isomorphic in the derived 
category of Iwasawa modules to i?Hom(i?r^ t (Spec(oj<;[^]), Q p /Z p ), Q p /Z p ). This will ex- 
plain the relation of the first two above mentioned formulations of the EIMC in more detail 
than it is available in the literature so far. In section 3, we recall the notion of abstract 
1-motives as formulated in [GrPj and show, how to use the Iwasawa-theoretic abstract 
1-motive of [GrP] to formulate an EIMC in the non-abelian situation as well. Assuming 
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the vanishing of /i, we deduce this conjecture from the result on the EIMC due to Ritter 
and Weiss [RWaJ. In fact, the argument can be reversed such that both conjectures are 
equivalent. In section 4, we use our new formulation of the EIMC to prove the above 
mentioned cases of the (dual) strong Brumer-Stark property. Finally, we introduce and 
discuss the strong Coates-Sinnott conjecture in section 5. 

The author would like to thank Cornelius Greither for several discussions concerning 
the article [GrPj. 

1 Preliminaries 

1.0.1 if-theory 

Let A be a left noetherian ring with 1 and PMod(A) the category of all finitely generated 
projective A-modules. We write Kq(A) for the Grothendieck group of PMod(A), and i^i(A) 
for the Whitehead group of A which is the abelianized infinite general linear group. If S is 
a multiplicatively closed subset of the center of A which contains no zero divisors, 1 £ 5 1 , 
S, we denote the Grothendieck group of the category of all finitely generated S-torsion 
A-modules of finite projective dimension by KqS(A). Writing As for the ring of quotients 
of A with denominators in S, we have the following Localization Sequence (cf. [CR87J, 
p. 65) 

#i(A) -> K^As) A K S(A) A K (A) K (A S ). (2) 

In the special case where A is an o-order over a commutative ring o and S is the set of all 
nonzerodivisors of o, we also write KqT(A) instead of KqS(A). Moreover, we denote the 
relative iT-group corresponding to a ring homomorphism A — > A' by Kq(A, A') (cf. [Sw68j). 
Then we have a Localization Sequence (cf. [CR87J, p. 72) 

ffi(A) -> Ki(A') 9 -±4 K (A,A') -> K (A) -> K (A'). 

It is also shown in |Sw68| that there is an isomorphism Kq(A, As) — KqS(A). For any ring 
A we write C(A) f° r the subring of all elements which are central in A. Let L be a subfield 
of either C or C p for some prime p and let G be a finite group. In the case where A' is 
the group ring LG the reduced norm map nr^c : K\{LG) — > (,{LG) X is always injective. 
If in addition L = R, there exists a canonical map do ■ C0^-G) x — > K§(7LG , RG) such that 
the restriction of Bq to the image of the reduced norm equals dzc,RG ° n %c? - This map 
is called the extended boundary homomorphism and was introduced by Burns and Flach 
[BFOTj . 

For any ring A we write T>(A) for the derived category of A-modules. Let C b (PMod(A)) 
be the category of bounded complexes of finitely generated projective A-modules. A com- 
plex of A-modules is called perfect if it is isomor phic in V(A) to an element of C 6 (PMod(A)). 
We denote the full triangulated subcategory of T){A) consisting of perfect complexes by 
pP erf (A). For any C" G C fe (PMod(A)) we define A-modules 

(jev G^ (J°dd £t2i+l 
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Similarly, we define H ev (C') and H odd (C') to be the direct sum over all even (resp. odd) 
degree cohomology groups of C". 

For the following let R be a Dedekind domain of characteristic 0, K its field of fractions, 
A a finite dimensional .fT-algebra and A an i?-order in A. A pair (C',t) consisting of a 
complex C G 2? perf (A) and an isomorphism t : H odd (C K ) — > H ev (C K ) is called a trivialized 
complex, where C K is the complex obtained by tensoring C with K. We refer to t as a 
trivialization of C . One defines the refined Euler characteristic XA,a(C' ,t) G Kq(A,A) 
of a trivialized complex as follows: Choose a complex P G C & (PMod(i?)) which is quasi- 
isomorphic to C . Let B l (P' K ) and Z l (P' K ) denote the i th cobounderies and i th cocycles of 
P K , respectively. We have the obvious exact sequences 

B\P K ) - Z\P K ) -» H\P K ) , Z\P K ) ~Pk^ B^\P K ). 

If we choose splittings of the above sequences, we get an isomorphism 

<t>t : P° K dd * b\p k ) H° dd (P K ) ~ B*(J^) iJ et, (P K ) ~ , 

where the second map is induced by t. Then the refined Euler characteristic is defined to 
be 

XA,A(C\t) := {P° u ,ct> t ,P ev )eK Q {k,A) 

which indeed is independent of all choices made in the construction. For further informa- 
tion concerning refined Euler characteristics we refer the reader to [Bu03j. 

Denote the full triangulated subcategory of T>(A) consisting of perfect complexes whose 
cohomologies are i2-torsion by T)f™ (A). For any complex C G Vf™ (A) there is a unique 
trivialization, namely t = 0; hence C defines a class 

[C-] := X AAC ^)eK (A,A)=K T(A). 

In fact, Kq(A,A) identifies with the Grothendieck group whose generators are [C'j, where 
C is an object of the category Ct or (PMod(A)) of bounded complexes of finitely generated 
projective A-modules whose cohomologies are i?-torsion, and the relations are as follows: 
[C ] = if C' is acyclic, and [C 2 ] = [C{] + [C 3 ] for any short exact sequence 

C 1 >— » C 2 -» C 3 

in Ct or (PMod(A)) (cf. |We| ). Moreover, if M is a finitely generated i?-torsion A-module 
of finite projective dimension, then the class of M in KqT(A) agrees with the class [M] G 
Kq(A,A), where M is considered as a perfect complex concentrated in degree 1. 

1.0.2 Non-commutative Fitting invariants 

For the following we refer the reader to |NilO| . We denote the set of all m x n matrices with 
entries in a ring R by M mxn (R) and in the case m = n the group of all invertible elements 
of M nxn {R) by G\ n {R). Let A be a separable K-algebra and A be an o-order in A, finitely 
generated as o-module, where o is a complete commutative noetherian local ring with field 
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of quotients K. Moreover, we will assume that the integral closure of o in K is finitely 
generated as o-module. The group ring % V G of a finite group G will serve as a standard 
example. Let N and M be two £(A)-submodules of an o-torsionfree £(A)-module. Then 
N and M are called nr(A)- equivalent if there exists an integer n and a matrix U G Gl n (A) 
such that A" = nr(U) ■ M, where nr : A — > £(A) denotes the reduced norm map which ex- 
tends to matrix rings over A in the obvious way. We denote the corresponding equivalence 
class by [iVj^ou. We say that N is nr(A)-contained in M (and write [Af] nr ( A ) C [M] nr ( A )) 
if for all N' G [Ar] nr(A) there exists M' G [M] nr(A) such that N' C M' . Note that it suffices 
to check this property for one Nq G [Af] nr ( A ). We will say that x is contained in [A] nr ( A ) 
(and write x G [Af] nr ( A )) if there is Nq G [Af] nr ( A ) such that x G Nq. 

Now let M be a finitely presented (left) A-module and let 

A a A A fe -» M (3) 

be a finite presentation of M. We identify the homomorphism h with the corresponding 
matrix in M ax &(A) and define S(h) = Sb(h) to be the set of all b x b submatrices of h if 
a > b. In the case a = b we call ([3]) a quadratic presentation. The Fitting invariant of h 
over A is defined to be 



Fitt A (/i) 



[0]nr(A) if a < b 

[{m(H)\H e S(h)) m ] m(A) if a>b. 



We call Fitt A (/i) a Fitting invariant of M over A. One defines Fitt A ax (M) to be the unique 
Fitting invariant of M over A which is maximal among all Fitting invariants of M with 
respect to the partial order "C". If M admits a quadratic presentation h, one also puts 
Fitt A (M) := Fitt A (/i) which is independent of the chosen quadratic presentation. 



Assume now that o is an integrally closed commutative noetherian ring, but not nec- 
essarily complete or local. We denote by I = 1(A) the £(A)-submodule of C(^) generated 
by the elements m(H), H G M& X &(A), b G N. We choose a maximal order A' containing 
A. We may decompose the separable AT-algebra A into its simple components 

A = A x ®---® A t , 

i.e. each A{ is a simple AT-algebra and Ai = Aei = eiA with central primitive idempotents 
1 < i < t. For any matrix H G Mfe X b(A) there is a unique matrix H* G Mj, X b(A') such 
that H*H = HH* = nr(ff) • l bxb and H*a = whenever nr(iJ)ej = (cf. [NilO] . Lemma 
4.1; the additional assumption on o to be complete local is not necessary). If H G Mb X &(A) 
is a second matrix, then (HH)* = H*H*. We define 

U = 7i(A) := {x G C(A)|xiT G M 6x6 (A)V6 G N Vi? G M bxb (A)} . 

Since x • nr(H) = xH*H, we have in particular 

U-1 = UC((A). (4) 

We put H P (G) := U(Z p G) and H(G) := H(ZG). The importance of the C(A)-module H 
will become clear by means of the following result which is |NilO| . Th. 4.2. 
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Theorem 1.1. If o is an integrally closed complete commutative noetherian local ring and 
M is a finitely presented A-module, then 

n • Fitt^ ax (M) C Ann A (M). 

Now let C G P t p c r rf (A). If p([C-}) = 0, we choose x G K^A) such that d(x) = [C] and 
define 

FittA(C-) := [(nr A (x)) c(A) ] nr(A) . 
It is straightforward to show that 

Fitt A (C 2 ) = Fitt A (Ci) • Fitt A (C 3 ) 

for any short exact sequence C[ >— ► C 2 -» C 3 in C^ or (PMod(A)), provided that all Fitting 
invariants are defined. Finally, if C is isomorphic in T>(A) to a complex P^ 1 — > P° 
concentrated in degree —1 and such that P % are finitely generated o-torsion A-modules 
of finite projective dimension, % = —1, 0, then 

Fitt A (C") = Fitt A (P° : P- 1 ), 

where the righthand side denotes the relative Fitting invariant of [NilOj . Def. 3.6. 



Now let p ^ 2 be a prime and let A{Q) be the complete group algebra Z p [[£/]], where 
Q is a profinite group which contains a finite normal subgroup H such that Q/H ~ T for 
a pro-p-group T, isomorphic to Z p ; thus Q can be written as a semi-direct product H x T. 
We fix a topological generator 7 of T and choose a natural number n such that 7 P " is 
central in Q. Since also T p " ~ Z p , there is an isomorphism Z p [[r p "]] ~ Z p [[T]] induced by 
7 P " 1— > 1 + T. Here, R := Z p [[T]] denotes the power series ring in one variable over Z p . If 
we view A(Q) as an R- module, there is a decomposition 

P n -i 

mo) = Rfm. 

Hence A(£/) is finitely generated as an i?-module and an i?-order in the separable Quot(R)- 
algebra Q(G) '■= ©j Quot(R)j l [H]. Note that Q(G) is obtained from A(C?) by inverting all 
non-zero elements in R. For any ring A and any A-module M, we write pd A (M) for the 
projective dimension of M over A. For any finitely generated A(C/)-module M, we write 
/x(M) for the Iwasawa //-invariant of M. 

Proposition 1.2. Let C" be a complex in T>^ { (A(Q)). Assume that C is isomorphic in 
T>(A) to a bounded complex P such that pd^g^P^) < 1, ^{P- 1 ) = and P 3 is R-torsion 
for all j G N. Assume that the Fitting invariant FittQ A (g)(Q p ® L C") of Q p (g> L C over 
Q p A(C?) is generated by an element <I> G yit(K\(A^{Q))) , where the subscript {p) means 
localization at the prime (p). Then also 



FittA(g)(C) = [(*)c( A (6))]nr( A (6))- 
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Proof. We first observe that the homomorphism d : K\(A(Q)) — > KqT(A(Q)) is surjective 
(cf. |NilO| . Lemma 6.2 or more directly |Ka| . Lemma 5). Hence Fitt A (g)(C) is defined for 
any complex in T>f^ (A(Q)). Our assumptions on C imply that we have an equality 

[C-] = [P odd ] - [P ev ] € K T(A(g)). 

Then P odd and P ev are two finitely generated i?-torsion A(<5)-modules of projective di- 
mension less or equal to 1 and trivial /x-invariant. Let $ be a generator of Fitt i \(g)(-P e,) ). 
Since P ev vanishes after localization at (p), we have ^ G nr(JCi(A( p )(t/))). But then <3? • \& 
also belongs to nr(i^i(A( p )(t/))) and is a generator of 

mt QpMg) {Q p ® L C)- FittQ pA(g) (Q p ® P ev ) = Fitt QpA(g) (Q p P odd ). 

Now |Nillb| . Prop. 3.2 implies that <3? • ^ is actually a generator of Fitt\^(P odd ) such 
that $ is a generator of 

Fitt A(0) (C-) = Fitt m (P° dd ) • Fitt A{g) (P ev )-\ 

□ 

1.0.3 Equivariant L- values 

Let us fix a finite Galois extension K/k of number fields with Galois group G. For any 
place v of k we fix a place w of K above v and write G w resp. I w for the decomposition 
group resp. inertia subgroup of K/k at w. Moreover, we denote the residual group at w 
by G w = G w /I w and choose a lift <j) w E G w of the Frobenius automorphism at w. For a 
(finite) place w we sometimes write ?fi w for the associated prime ideal in K and ord„, for 
the associated valuation. 

If S is a finite set of places of k containing the set Sqq of all infinite places of k, and 
X is a (complex) character of G, we denote the S'-truncated Artin L-function attached to 
X and S by Ls(s,x)- Recall that there is a canonical isomorphism £(CG) = Tlxelrr(G) ^ 
where Irr (G) denotes the set of irreducible characters of G. We define the equivariant 
Artin L- function to be the meromorphic £(CG)-valued function 

L s (s) := (L s (s,x)) x &tt{G)- 

If T is a second finite set of places of k such that S D T = 0, we define 5t(s) : = 
($t(s, x)) xe i rr (G), where 5 T (s, x) = ILeT ~ N ( v ) 1 ~ S( l ) w 1 \ V x w ) and V x is a G-module 
with character x- We put 

e s , T (s):=6 T (s)-L s (sf, 

where we denote by " : CG — > CG the involution induced by g i— > g^ 1 . These functions 
are the so-called (S, T)-modified G-equivariant L- functions and, for r G Z<o, we define 
Stickelberger elements 

9 T s (K/k,r) = e T s {r) := s , r (r) G C(CG). 
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If T is empty, we abbreviate 9g(r) by 9s(r), and if r = 0, we write 9g for 9g(0). Now a 
result of Siegel [SiTOj implies that 

9 T s (r) G C(QG) (5) 

for all integers r < 0. Let us fix an embedding i : C >-* C p ; then the image of 9s(r) in 
C(QpG) via the canonical embedding 

C(QG) - C(Q P G) = Q p ( x ), 

Xelrr p (G)/~ 

is given by ^s( r i X 1 an d similarly for 9g(r). Here, the sum runs over all C p -valued 
irreducible characters of G modulo Galois action. Note that we will frequently drop l and 
from the notation. Finally, for an irreducible character \ with values in C (resp. C p ) 
we put e x = Y^geG x{g l )9 which is a central idempotent in CG (resp. C p G). 

1.0.4 Ray class groups 

For any set S of places of k, we write S(K) for the set of places of K which lie above 
those in S. Now let T and S be as above. We write cI^t for the ray class group of 
K to the ray DJIt '■= Y\weT(K) ^v; ana - °S f° r the ring of S(K )-integers of K. Let Sf 
be the set of all finite primes in S(K); then there is a natural map 7*Sf —> c\k,t which 
sends each prime w G Sf to the corresponding class $$ w ] G cl k,t- We denote the cokernel 
of this map by cls,T,K =: Ci S,T- Further, we denote the 5(X)-units of K by Eg and 
define Eg := {x G Eg : x = 1 mod DJIt}- All these modules are equipped with a natural 
G-action and we have the following exact sequences of G-modules 

E T Soo ~E T S ZS f -> cl K;T - c1 Sj t, (6) 
where v(x) = ^2 w ^g, oid w (x)w for x G and 

E%»E s -> (os/OTt) x ^> d s ,T -» cl 5 , (7) 

where the map v lifts an element x G (os'/2%') x to x G 05 and sends it to the ideal class 
[(x)] G cls,T °f the principal ideal (x). Note that the G-module (os/SKy)* is c.t. if no 
prime in T ramifies in K/k. If S = Soo, we also write E^ instead of Eg . Finally, we 
suppress the superscript T from the notation if T is empty. If M is a finitely generated 
Z-module and p is a prime, we put M{p) : = Z p <g>^ M. In particular, we will be interested 
in c\k,t(p) f° r °dd primes p; we will abbreviate this module by Ak,t if P is clear from the 
context. 

2 On different formulations of the equivariant Iwasawa main 
conjecture 

The following reformulation of the EIMC was given in |Nillb| . §2. 

Let p 7^ 2 be a prime and let tC/k be a Galois extension of totally real fields with Galois 
group Q, where k is a number field, JC contains the cyclotomic Z p -extension koo of k and 
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[/C : k oo] is finite. Hence Q is a p-adic Lie group of dimension 1 and there is a finite normal 
subgroup H of Q such that Q / H = Gal(/coo//c) =: T^. Here, is isomorphic to the p-adic 
integers 7L p and we fix a topological generator 7&. If we pick a preimage 7 of 7^ in Q, we can 
choose an integer m such that 7 pT ™ lies in the center of Q. Hence the ring R := Z, p [[T pm ]] 
belongs to the center of A(Q), and A(Q) is an P-order in the separable Quot(P)-algebra 
Q{Q). Let S be a finite set of places of k containing all the infinite places Sqo and the set 
S p of all places of k above p. Moreover, let Ms be the maximal abelian pro-p-extension 
of /C unramified outside S, and denote the Iwasawa module Gal(Ms//C) by Xg. If S 
additionally contains all places which ramify in IC/k, there is a canonical complex 

C s {K/k) : ► -> C- 1 -> C° -> -> . . . (8) 

of P-torsion A(£?)-modules of projective dimension at most 1 such that H~ 1 (C s (JC/k)) = 
Xs and H°(C' s (IC/k)) = 7L p . For the moment we are insistent that this complex is the 
one constructed by Ritter and Weiss in [RW02J. We will see later that we can work with 
J RHom(i?r^t(Spec(ox:[i]),Qp/Zp),Qp/Zp) as well. We put (cf. |RW04| . §4) 

U S = l3 S (JC/k) := (C- 1 ) - (C°) G K T(A(g)). 

Since p(l5s) = 0, there is a well defined Fitting invariant of 13 s', more precisely, 

Fitt A(e) (U 5 ) == FittA^lC" 1 : C°) = Fitt A(g) (C 5 (/C/A:))- 1 . 

We recall some results concerning the algebra Q(Q) due to Ritter and Weiss [RW04J. Let 
Qp be an algebraic closure of Q p and fix an irreducible (Q^-valued) character x of Q with 
open kernel. Choose a finite field extension E of Q p such that the character % has a 
realization V x over P. Let rj be an irreducible constituent of res and set 

St(v) -={g -V 9 = V}, e v = j^j^2rj(g' 1 )g, e x = ^ e„. 

For any finite field extension K of Q p with ring of integers 0, we set Q K {G) '■= K®Q P Q(Q) 
and A°(G) = o[[Q]]. By [RW04J, corollary to Prop. 6, e x is a primitive central idempotent 
of Q E {Q)- By loc.cit., Prop. 5 there is a distinguished element 7 X G C(Q {S) e x) wn i cn 
generates a procyclic p-subgroup T x of (Q (Q)e x ) x and acts trivially on V x . Moreover, 
7 X induces an isomorphism Q E (T X ) — —> C(Q E (&) e x) by loc.cit., Prop. 6. For r E No, we 
define the following maps 

f x ■ C(Q E (G)) - C(Q £ (^)e x ) * Q E (T X ) -». Q s (r fc ), 

where the last arrow is induced by mapping 7 X to K r {'J X )'J^ X , where w x = [Q : St(rj)] and 
k denotes the cyclotomic character of Q. Note that j x := j x agrees with the corresponding 
map j x in loc.cit. It is shown that for any matrix G M nxn (Q(G)) we have 

i x (nr(G)) = det QE{Tk) (Q\Rora EG (V x , Q E {G) n )). (9) 

Here, acts on / G Hom£G<(V^, Q E (G) n ) via right multiplication, and 7^ acts on the left 
via (7fc/)(f) = 7fc ■ f(l^ 1 v) for all v G V^.. Hence the map 

Det()(x):#i(Q(0)) Q £ (r,) x 

[P,a] ' ^ det Q E (rfe) (a|Hom£ G (V x ,P ® Qp P)), 
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where P is a projective Q(£/)-module and a a (5(£/)-automorphism of P, is just j x o nr. If 
p is a character of Q of type W, i.e. res^p = 1, then we denote by /)" the automorphism 
of the field Q c {T k ) : = Q p ®q p Q(r fc ) induced by p tt (7fc) = p(lk)jk- Moreover, we denote 
the additive group generated by all Q^-valued characters of Q with open kernel by R p {Q)\ 
finally, Hom*(i? p ((/), Q c {Tk) x ) is the group of all homomorphisms / : R P {Q) — >■ Q c (Tj i: ) x 
satisfying 



£/Q P ) 



/(x ® p) = P^{f(x)) f° r all characters p of type and 
fix") = fixY f° r an Galois automorphisms c G Ga 

We have an isomorphism 

C(Q(G)) X - Hom*(i? p (g),Q c (r fc ) x ) 

By loc.cit., Th. 5 the map 6i->[xi-> Det (6)(x)] defines a homomorphism 

Det : K x {Q(g)) -+ Rom* (R p (g),Q c (T k ) x ) 
such that we obtain a commutative triangle 

Ki(Q(G)) (10) 

Det 




C(Q(£0) x -Hom*(i? p (e),Q c (r fe ) x ). 

We put u := ft(7fc) and fix a finite set S of places of k containing Soo and all places which 
ramify in )C/k. Each topological generator 7^ of permits the definition of a power series 
G Xj s(T) £ Qp ®Q p Quot(7 Jp [[T]]) by starting out from the Deligne-Ribet power series for 
abelian characters of open subgroups of Q (cf. [DR80J). One then has an equality 

L PiS (l-s,x)- H%{u s_ l) . 



where L p ^s(s, x) denotes the p-adic Artin L-function, and where, for irreducible x, one has 

H X (T) = I *' 
Now |RW04| . Prop. 11 implies that 

LhS ■ X >->• 



x( 7fe )(l + T)-l ifFcker(x) 
otherwise. 



G x Alk - 1) 



^x(7fc " 1) 

is independent of the topological generator 7^ and lies in Hom*(i? p (C/), Q c (Tk) x )- Diagram 
POP implies that there is a unique element $5 £ C(Q(^)) X such that 

j x ($s) = ^,s(x)- 
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The EIMC as formulated in [RW04J now states that there is a unique 0$ £ K\(Q(Q)) such 
that Det (0s) = L k s and d(Qs) = Us- The EIMC without its uniqueness statement hence 
asserts that there is x £ K\(Q(Q)) such that d(x) = Us and Det (x) = L k) s] now diagram 
(jlOP implies that nr(x) = <3?s, and thus <3?5 is a generator of Fitt^(g)(05). Conversely, if $5 
is a generator of Fitt^^^s), then there is an element x £ K\(Q(Q)) such that d{x) = Us 
and {pi[x))^{g)) ls nr(A(£))-equivalent to {^s)c,(K(g))i i- e - there is an u £ K\(A(Q)) 
such that nr(x) = nr(u) • <3?s. But then G5 := x ■ u~ l has d(@s) = d(x) = Us and 
Det (©5) = Lfr s, since nr(Os') = ^s*. We have shown that the following conjecture is 
equivalent to the EIMC without the uniqueness of 0$- 

Conjecture 2.1. The element $5 £ ((Q(G)) X is a generator of Fitt (Us)- 

The following theorem is due to Ritter and Weiss [RWaJ: 

Theorem 2.2. Conjecture \2. II is true provided that Iwasawa's ^.-invariant vanishes. 

We also discuss Conjecture 12.11 within the framework of the theory of [CFKSV05J, §3. 
For this, let 

vr : g -> G\ n (o E ) 

be a continuous homomorphism, where e denotes the ring of integers of E and n is some 
integer greater or equal to 1. There is a ring homomorphism 

* ff :A(0)->M nxn (A"*(r fc )) (11) 

induced by the continuous group homomorphism 

Q -> (M nxn (o E )®z p A(r fe )) x = Gi n (A°*(r Jfc )) 

cr i-)- 7t(<t) (g> a 7 , 

where a denotes the image of a in Q/H = F k . By loc.cit., Lemma 3.3 the homomorphism 
(|lip extends to a ring homomorphism 

K ■ Q(Q) -> M nxn (Q E (r ft )) 

and this in turn induces a homomorphism 

$; : KxiQdS)) -> ifi(M nxn (Q E (r fc ))) = Q s (r fc ) x . 

Let aug : A° B (Ffc) -» be the augmentation map and put p = ker(aug). Writing 
A 0B (r/ c ) p for the localization of A° E (Fi t ) at p, it is clear that aug naturally extends to a 
homomorphism aug : A° E (Fk)p — > E. One defines an evaluation map 

0:Q E (T k ) -> £U{oc} 

^ ^ f aug(x) if xG A°*(T k ) p 
\ 00 otherwise. 

If is an element of K\(Q(Q)), we define 0(tt) to be 0(<I > ^(0)). We need the following 
lemma. 
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Lemma 2.3. If ir = ir x is a representation of Q with character \ an d r £ No, then 

^i(Q(e))^^-K 1 (M nxn (g s (r fc ))) 



C(Q(G)) X — ^Q E (v k y 

commutes. In particular, we have nr o = Det ( )(%)• 

Proof. This is [Nillbj . lemma 2.3. □ 

Conjecture 12. II now implies that there is an element Q$ £ Ki(Q(G)) such that d(@s) = 
Us and for any r > 1 divisible by p — 1 we have 

e s (7r x « r ) = 0(£(*s)) = L s (l-r,x). 

The following result explains, why we may replace the complex (|SJ) by the complex 
i?Hom(i?r^ t (Spec(o/c[^]), Q p /Z p ), Q p /Z p ). Though it might be no surprise to experts, the 
author is not aware of any reference for this result. 

Theorem 2.4. Wi/j/i i/te notation as above, there is an isomorphism 

C s {K/k) ~ /?Hom( J Rr 6t (Spec(o )C [i]),Q p /Z p ),Q p /Z p ) 

in P(A(C/)). In particular, there is an equality 

U S = -[ J RHom( J Rr 6t (Spec(o^[i]),Q p /Z p ),Q p /Z p )] G K T{A@)). 

Proof. Since Q p /Z p is a direct limit of finite abelian groups of p-power order, we have an 
isomorphism with Galois cohomology 

M^ t (Spec(oK[|]),Q p /Z p ) ~ RT(Xs, Q P /Z P ). (12) 

We put Gs '■= Gal(Ms/k). Now for any compact (right) A((jr,s)-modules M and discrete 
(left) A(Gs , )-module N (considered as complexes in degree zero), there is an isomorphism 

M ®l {Xs) RRom(N, Q p /Z p ) ~ i?Hom(i?Hom A(Xs) (M, N), Q p /Z p ) 

mV(A(G)) (cf. [NSWOOj . Cor. 5.2.9 or [We94] . Th. 10.8.7). Noting that RRom A{Xs) (Z p , N) 
identifies with RT(Xs, N) we specialize M = Z p and N = Q p /Z p which yields an isomor- 
phism 

Z p ^A(Xs) ^P 

in T>(A(Q)). Now we consider the short exact sequence 



1 - RRom(RT(X s , Qp/Zp), Q p /Z p ) (13) 



AGs ~ A(G S ) - Z 
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of left A(Gs , )-modules, where the surjection is the augmentation map and A(Gs) denotes 
its kernel. We now apply %<p®A(Xs)— ^° this sequence and obtain the following exact 
homology sequence: 

Hx(X s , 1 p f H (X S , A(G S )) H (X S , A(G S )) H (X S , Zp) 

X<? c Z p ® MXs) A(G s ) A(G) Z p 

In particular, we find that 

Hi(X s ,A(G s )) = Hi(X s ,A(Gs)) = for all i > 0. 
Hence the exact triangle 

Z P ®A ( x s ) A ( G s) Z P ®a ( x s ) A ( G s) -> Z p ®^ {Xs) Z p 
implies that the complex 

Z p ® A{Xs) A(G s ) -> A(<?) (14) 

of the above homology sequence is isomorphic to Z p <8>j\W s ) Z p in V(A(Q)), and hence also 

to i?Hom(i?r 6t (Spec(ox:[i]),Qp/Zp),Qp/Zp) using {ED and (H3J. Let A(G 5 ,X<j) be the 
closure of the right A(Gs)-ideal generated by x — 1, x 6 X5. Then 

Z p ® A(Xs) A(G s ) = A(Gs)/A(G 5 ,X 5 )A(G5) =: Is 

and the map in (|14p is induced by mapping g — 1 to 5 — 1, where (7 denotes the image of an 
element 5 € G5 in (/ under the canonical projection Gs -» But the translation functor 
of Ritter and Weiss transfers the exact sequence X$ >— > Gs -» into 

A 5 ~ Y s -» A(0), 

where the projection is induced in exactly the same way. Hence if we glue this sequence with 
the natural augmentation sequence A(Q) >— > A(£?) -» Z p , we obtain exactly the homology 
sequence above. The result now follows, once we observe that the complex ([8|) of Ritter 
and Weiss is achieved by a commutative diagram 

p p 



X s c Y s A(S) Z p 



X/ C- 1 G° - Z p 



□ 
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3 Another reformulation of the equivariant Iwasawa main 
conjecture 

We first recall the notion of abstract 1-motives and their basic properties as formulated in 
|GrPj . For an arbitrary abelian group J and a positive integer m, we denote by J[m] the 
maximal m-torsion subgroup of J. For a prime p the p-adic Tate module of J is defined 
to be 

T p (J) :=hmJ[p n ], 

n 

where the projective limit is taken with respect to multiplication by p. An abelian, divisible 
group J is of finite local corank if for any prime p there is an integer r p (J) and a Z p - 
isomorphism 

Jb°°]^(Q P W p(J) , 

where J[p°°] = \J n J[p n ]. 

Definition 3.1. An abstract 1-motive M. := [L — ^4 J] consists of the following data. 

• a free Z-module L of finite rank; 

• an abelian, divisible group J of finite local corank; 

• a group morphism 5 : L — > J. 

Now let n > 1 be an integer and consider the fiber product J x™ L with respect to the 
map 5 and the multiplication by n map J -» J. 

Definition 3.2. The group A4[n] := (J x j L) ® Z/nZ is called the group of n-torsion 
points of A4. Moreover, if n \ m, there are canonical surjective multiplication by m/n 
maps M[m] — > M[n] and we define the p-adic Tate module of M to be 

T P (M) :=lim,M[p n ]. 

n 

In this way, we obtain for every prime p an exact sequence of free Z p -modules 

T p { J) >-» T P (M) -» Z p ® L. (15) 

We are now going to define an Iwasawa theoretic abstract 1-motive. Again, we follow the 
treatment in |GrP| . For this, let p be an odd prime and fC be the cyclotomic Z p -extension 
of a number field K and let K n denote its n-th layer, n 6 N. We denote the set of p-adic 
places of /C by S p and fix two finite sets S and T of places of K, such that 7~n (SL)S p ) = 0. 
The divisor group of /C is given by 

V 

where the direct sum runs over all finite primes of K, and = Z (resp. T v = Z[|]) if 
v S p (resp. v £ S p ). Note that in both cases r„ identifies with the value group of an 
appropriate chosen valuation ordt, corresponding to v. We let 

Div^r := -v, K£:= {x £ IC X | ord „ (a; - 1) > Vt) € T} . 
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The usual divisor map induces a group morphism 

divx: : ICj- -> Div/c,r, x i-> ^ord t ,(x) 

and we define a generalized ideal class group by 

_ Div/c,r 
K ' T ' div K (JCf)' 

Then the Iwasawa //-invariant vanishes if and only if A.k,T '■= C)C,T ® is divisible of 
finite local corank. Note that the vanishing of ji only depends upon K. and p, but not 
on the number field K. We will henceforth assume that p = and associate to the data 
(/C, S, T) the abstract 1-motive 

M% T := [Biv K (S\S p ) -^A k ,t], 

where Div^(5 \ <S P ) is the group of divisors of K, supported on S \ S p and 5 is induced by 
the usual divisor class map. In particular, the exact sequence (|15p now reads 

TMlCT) ~ T P (M^ T ) -» Biv K (S \ S p ) ® Zp. (16) 

Now assume that K, is a Galois extension of a totally real number field k, and that K, 
is the cyclotomic Z p -extension of a CM-number field K. Let = Gal(K./k) and let j £ G 
denote the unique central automorphism in Q which is induced by complex conjugation. 
Let /C + be the maximal real subfield of /C and Q + = G / (J) its Galois group over k. We 
fix two finite, non-empty, disjoints sets S and T of places in k, such that S contains 
Sram{fc/k) U Soq. Let S and T be the sets of finite primes in IC sitting above primes in 
S and T, respectively. Then by [GrPj, Th. 4.6 the Tate module T p (A4g is a Z p -free 
torsion A(£/)_ := A(£?)/(l + j)-module of projective dimension at most 1. For v G T we 
put 

£u := nr(K(0 w ) - 

where (f) w & G denotes the Frobenius at a chosen prime w in /C above v. Let x i— >■ x be the 
automorphism on A(G) induced by g i-> n(g)g^ 1 for g £ G- We put 

For any positive integer n, we denote by £ ra a primitive n-th root of unity. We are now 
ready to prove the following variant of the equivariant Iwasawa main conjceture which 
generalizes |GrP] . Th. 5.6 to the non-abelian situation. 

Theorem 3.3. Let (IC/k,S,T,p) be as above. If Iwasawa 's p-invariant vanishes, then 
^ S ,T is a generator of Fitt A(g) _ (T p (M^ T )~). 

Proof. We first remark that T p (A4g admits a quadratic presentation by |NilO| . Lemma 
6.2. Hence Fitt A(e) _ (T p (M^ jT )~) is well defined. 

If M is an Iwaswa torison module, we write a(M) for the Iwasawa adjoint of M. We will 
need the following proposition. 
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Proposition 3.4. Assume that C is a finitely generated R-torsion A(Q + ) -module of projec- 
tive dimension at most 1 which has no nontrivial finite submodule and that <3? is a generator 
o/Fitt J v(g+)(C); then Fitt A (g)(a(C)(l)) is generated by <i>e - + e + , where e^ = ^rp-. 

Proof. Let ip : A(Q + ) m A(Q + ) m be a quadratic presentation of C such that mc(ip) = 
By [ NilO| . Prop. 6.3 (i) resp. its proof it follows that ip T >* is a finite presentation of a(C) 
and nr(^ T '^) = is a generator of Fitt A (g+) (a(C)), where i[) T denotes the transpose 
of if). Now A{Q + ) ~ A(£/)e+ and the involution g t— > K,(g~ 1 )g induces an isomorphism 
between the first Tate twist of A(Q + ) and A((/)e_. We obtain a quadratic presentation 
ip T : (A(£)e_) m -> (A(g)e-) m of a(C)(l) regarded as A(£)e_-module. Since nr(^ T ) = $ 
and q(C)(1) is trivial on plus parts, we are done. □ 

Returning to the proof of Theorem I3.3| we let 

Ak,t:=0*H X , 

where k(w) denotes the residue field at w. We first assume that £ p lies in IC. Then there 
is an exact sequence of A(C?)-modules (cf. |GrP| . remark 3.10) 

Z p (l) - T p (A K , T )- -+ T p (M$ tT )- - T P (M% 9 )-. (17) 

Applying a(_)(l) to this sequence yields a complex 

&(JC+/k) : a{T p {M% T )-){l) a(T p (A K , T )-)(l) 

whose non-trivial cohomology groups are given by H~ l (C (JC + / 'k)) = Xt and H°(C' (/C + /k) = 
Z p ; here, we have used [GrPj . Lemma 3.9. Most likely, this complex is isomorphic in 
D(A(Q + )) to the canonical complex C (/C + /k), but we will not need this. Since we assume 
that n = 0, we have 

Fitt^(7^ (g+) C'(K+/k)) = Fitt n (n®l {g+) C\IC + /k)), 

where 1Z is either Q p (g) A(Q + ) or A( p )(£/ + ). But then Proposition 11.21 implies that the two 
Fitting invariants also agree for 1Z = A(Q + ). Hence 

Fitt A{ g +) (a(T p (M^ T )-)(l)) = Fitt A(g+) (a(T p (A^ r )-)(l)) ■Fitt A(g+) (&(JC+ /k))' 1 

= Fitt A(0+) (a(r p (A JC , r )-)(l)) •Fitt A(g+) (C-(/C + /fc))- 1 

= *S,T, 

where we have used Theorem 12.21 and Proposition 13.41 The result follows by applying 
Proposition 13.41 again. If ( p £ IC, let IC := JC(C P ) and let S (resp. T) be the set of places of 
IC above those in S (resp. T). Let Q denote the Galois group Gal(/C//c). By |GrP| . Cor. 4.8 
we have an isomorphism of A(£/)_-modules 

T P {M$ iT r * a@)_ ® H g } _ T p (M§ f r- 
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If 7r denotes the canonical epimorphism A(£?)_ -» A(C?)_, the natural behavior of Fitting 
invariants thus gives an equality 

Fitt A{g) _(T p (M^ T )-) = vr (Fitt A(0) _ (T p (M| f )-)) . 

This suffices, since the natural behavior of p-adic L-functions gives 

7t(* s ,t(/CA) = *5,r(/C/fc). 

□ 

Remark 3.5. Aoie i/iai £/ie argument can be reversed to show that ^s,T is a generator 
of FittA(£?)_ (T p (Mg if and only if the EIMC (Conjecture \2.1\) holds (provided that 

/' <>,. ' 

4 The non-abelian Brumer-Stark conjecture 

Let K/k be a Galois CM-extension with Galois group G. Let S and T be two finite sets 
of places of k such that 

• S contains all the infinite places of k and all the places which ramify in K/k, i.e. S D 

• 5nr = 0. 

• Eg is torsionfree. 

We refer to the above hypotheses as Hyp(S,T). We put A = 7LG and choose a maximal 
order A' containing A. For a fixed set S we define 2l<j to be the £(A)-submodule of £(A') 
generated by the elements <5r(0), where T runs through the finite sets of places of k such 
that Hyp(S, T) is satisfied. The following conjecture has been formulated in |Nia| and is 
a non-abelian generalization of Brumer's conjecture. 

Conjecture 4.1 (B(K/k, S)). Let S be a finite set of places of k containing S ram U Soq. 
Then %ls&s C %(G) and for each x £ 7i(G) we have 

x-Zl s 9 s C Ann A (cLx). 

Remark 4.2. • If G is abelian, \Ta84 ] i , Lemma 1.1 p. 82 implies that the module 21$ 
equals Ann^c In this case the inclusion Vls^S C 1(G) = A = 7LG holds by (CP 

and, since %{G) = A in this case, Conjecture \4-l\ recovers Brumer's conjecture. 

• Replacing the class group c\k by its p-parts c\k{p) for each rational prime p, Conjec- 
ture B(K/k, S) naturally decomposes into local conjectures B(K/k,S,p). Note that 
it is possible to replace %{G) by T-L P {G) by JMaj/ . Lemma 1.4- 

• Burns JBua^ has also formulated a conjecture which generalizes many refined Stark 
conjectures to the non-abelian situation. In particular, it implies our generalization 
of Brumer's conjecture (cf. loc.cit., Prop. 3.5.1). 
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For a G K x we define 

Sa '■= {v finite place of k : p v \N K / k (a)} 

and we call a an anti-unit if a 1 ^ = 1. Let ujk '■= nr (lA i i^|)- The following is a non-abelian 
generalization of the Brumer-Stark conjecture (cf. |Nia| . Conj. 2.6). 

Conjecture 4.3 (BS(K/k, S)). Let S be a finite set of places of k containing S IEm US^. 
Then ujk • @s £ %(G) and for each x G 11(G) and each fractional ideal a of K , there is an 
anti-unit a = a(x, a, S) G K x such that 

fUJK-Os = ( Q ) 

and for each finite set T of primes of k such that Hyp(S U S a ,T) is satisfied there is an 
ay G Eg such that 

a *-M0) = a * T "K ( 18 ) 

for each z £ / H{G). 

Remark 4.4. • If G is abelian, we have 1(G) = H(G) = ZG and u>k = \hk\- Hence 
it suffices to treat the case x = z = 1. Then /Ta84h Prop. 1.2, p. 83 states that 
the condition \18\) on the anti-unit a is equivalent to the assertion that the extension 
K(a l/li)K )/k is abelian. 

• As above, we obtain local conjectures BS(K/k, S,p) for each prime p. 

For any Z p G-module M, we denote the Pontryagin dual Hom(M, Q p /Z p ) of M by M v 
which is endowed with the contravariant G-action (gf )(m) = f(g~ 1 m) for / G M v , g G G 
and m G M. As a consequence of Theorem 13.31 we now prove the following non-abelian 
generalization of [GrPj, Th. 6.5. 

Theorem 4.5. Let K/k be a Galois CM- extension with Galois group G and p an odd 
prime. Fix two finite sets S and T of primes of k such that Hyp(S, T) is satisfied. If 
Iwasawa's fi-invariant vanishes, then 



(WeFitt^_((A* >T ) 



whenever S p C S. 



Corollary 4.6. LetK/k be a Galois CM-extension andp an odd prime. Then B(K/k, S,p) 
and BS(K/k, S,p) hold whenever S p C S and Iwasawa's \x-invariant vanishes. 

Proof. Since BS(K/k, S,p) implies B(K/k, S,p) by |Nia| . Lemma 2.9, we only have to treat 
the case of the Brumer-Stark conjecture. But BS(K/k, S,p) is implied by the so-called 
strong Brumer-Stark property by |Nia| . Prop. 3.8. Recall that this property is fulfilled if 
9g G Fitt™ p a ^_ (Aft T ). But in fact the proof of [Ma], Prop. 3.8 carries over unchanged once 
we observe that 

Ann ZpG _(M) = Ann ZpG _ (M v )« 
for any finite Z p G_-module M. □ 
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Proof of Theorem \4-5\ Let KL be the cyclotomic Z p -extension of K and Q = Ga\{K,/k). 
There is an isomorphism of A(£?)_-modules 

n 

where T n := T(K n ) and the transition maps in the injective limit are injective (cf. |GrP| . 
Lemma 2.9). Hence we may choose a sufficiently large integer n such that A^ T C Af^ j-[p n ] 
which induces a natural epimorphism 

^,t\pT "» ( A ~k,t) V - (19) 
For any A(C/)-module M let M* := Homz p (M, Z p ) endowed with the contravariant Q- 
action. We have an isomorphism *4[j> m ] v ~ T p (A)* ®z p Z/p m Z of A(£/)-modules for 
any positive integer m and any Z p -torsion, divisible A(C/)-module A of finite local corank 
(cf. |GrP| . Lemma 6.6; the assumption on Q being abelian is not necessary). This together 
with (|19p and the dual of sequence (|16p leads to the following epimorphisms 

{T p {M% T )-y - T P (A KT T - A KiT [ P r - (Ak,t) V - 

Since T = Ga\(IC/K) acts trivially on (A~^ T ) V , we obtain an epimorphism of Z p G_- 
modules 

(T P (M% T )-)i - (^ r ) v . 

But (^g)" is a generator of the Fitting invariant of {T p (Mg by Theorem 13.31 and 

|NilO| . Prop. 6.3 (i). Consequently, 

(0$)t = (^)tt(o) e Fitt^_((T p (Mj r )-)J) c Fitt^g_((A- r ) v ) 

by [NiT0| . Th. 6.4 and Prop. 3.5 (i). □ 

5 The non-abelian Coates-Sinnott conjecture 

In this section, we discuss an analogue of the strong Brumer-Stark property for higher 
etale cohomology. We once more recall that a Galois extension K/k with Galois group G 
fulfills this property at an odd prime p if 

T S e Fitt^(^, T ) (20) 

for any two finite sets S and T of places of k such that Hyp(S, T) is satisfied. Note that 
this does not hold in general, even if G is abelian, as follows from the results in [GK08J. 
We will see that its higher analogue should behave much better. 

Let K/k be a Galois extension of number fields with Galois group G and p an odd 
prime. We fix an integer n > 1 and two finite non-empty sets S and T of places of k such 
that S contains S Tam U Soo and S n T = 0. We also assume that no p-adic place of k lies 
in T. For a finite place w of K, we write K(w) for the residue field of K at w. To these 
data we associate the complex 

C^(K/k,Z p (n)) = Cf(Zp(n)) := cone(RT(o K , s [-],M n )) RT{K(w),Z p {n)))[-l\. 

P weT(K) 

We now state the following conjecture. 
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Conjecture 5.1 (SCS(K/k, S,T,p,n)). Let the data (K/k, S,T,p,n) be as above. Then 

e T s {l -n)€ Fitt^(ff 2 (C£(Zp(n)))). 

We will refer to this conjecture as the (non-abelian) strong Coates-Sinnott conjecture. 
To see the analogy to the strong Brumer-Stark property f|20j) . we assume that Hyp(S,T) 
is satisfied and look at the associated cohomology sequence in the case n = 1: 

H^C^K/k^pil))) ~ E SuSp -> (c5u5 p /9Ht) x -> 

H 2 (Cl{K/k, Zp(l))) -» cl 5u s P ® Zp. 
In fact, this sequence coincides with sequence (JT)) and we have canonical identifications 

^(Cf (K/£;,Z P (1))) - E T SyjSv ® Zp, ^(Cj^/fc.Z^l))) ~ cl 5U 5 P ,T,x ® z„. 

We now study Conjecture 15.11 in some detail. 

Lemma 5.2. TTie complex Cj(Z p (re)) is acyclic outside degrees 1 anc? 2. Moreover, 
H l (Cg (Zp(n))) is torsion-free and i/ 2 (Cj(Z p (n))) is finite. 

Proof. As p is odd, the complex i?r(o^ i 5[|], Z p (n)) is acyclic outside degrees 1 and 2. For 
any u> G T(K), the cohomology of RT(K(w),'Zp(n)) is concentrated in degree 1. Hence 
the associated cohomology sequence is 

-> H\cl(K/k,1 p {n))) ffJt(o^5[i],Zp(n)) (21) 
/4(KH,Zp(n)) tf 2 (Cf (ifA,Z p (n))) F 2 (o*, 5 [~], Z p (n)) 0. 

weT(K) P 

We see that Cj(Z p (n)) is acyclic outside degrees 1 and 2 and that i? 2 (Cj(Z p (n))) is 
finite, as ifj^oi^sl^], Z p (n)) an d Hl t (K(w), Z p (n)), tu € T(K) are. Moreover there are 
isomorphisms 

fl'it(ojf 1 s[i] J Z p (n))tar - (Q P /Z p (n)) G ^, Hl t (K(w),Z p (n)) ~ (Q p /Z p (n)) G ^, 

where and G^ )K) denote the absolute Galois group of if and the absolute decomposition 
group at w, repectively; note that the inertia subgroup acts trivially on Q p /Z p (n) for all 
w E T{K). Since T is not empty, the natural map 

(Q p /Z p (n)) G *' -> (Q p /Z p (n)) G *- 
wET(K) 

is injective, i.e. Hl t (o K ,s[p)> %p( n ))toi injects into ©^(^^(^(^^pf/i)). This shows 
that -ff 1 (Cj(Z p (n))) is in fact torsion-free. □ 

The relation to the classical Coaetes-Sinnott conjecture is the following. 
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Proposition 5.3. Assume that SCS(K/k, S,T,p,n) holds. Then 

U P {G) ■ 9 T s (l - n) C Ann ZpG (#2 ( ^ S [I], Zp (n))). 
In particular, if G is abelian and SCS(K/k, S,T,p,n) holds for all admissible sets T, then 

Ann ZpG (Hl(o K ,s[hM n ))tor) ■ S (1 - n) C Ann ZpG (iff t ( ^s[^], Z p (n))). 
7n /act, it suffices to consider sets T which only consist of one place. 

Proof. The surjection H 2 (C$ (K/k, Z p (n))) -» ff| t (oif,s[-], Z p (n)) of sequence ([2~T]) implies 
an inclusion of Fitting invariants 

Fitt^(^ 2 (Cj(Z p (n)))) C Fitt^g(iT£ ( ^, s [I],Z p (n))). 



The first assertion now follows from Theorem 11.11 For the second assertion, we observe 
that, for abelian G, one has TL p (G) = Z p G and Aim%, p o(Hl t (oK,s[j;)i Z p (n))t or ) is generated 
by the elements 6f v \(l—n), where v runs through the finite places of h not above p, v Sram 
by a Lemma of Coates |Co77| . □ 

Lemma 5.4. The finite G-module ^ weT ^ K ^ H^ t (K(w),Z p (n)) is cohomologically trivial 
and 5 T {1 - n) is a generator of Fittz p G(® weT (K) H lt( K ( w )i Z p( n )))- 

Proof. Let v € T and w S T{K) be a place above v. The complex RT(K(w), Z p (ra)) is 
Z p G„,-perfect and its cohomology is concentrated in degree 1. Hence HlJK(w), Z p (n))) is 
c.t. as G^-module and hence -ff| t (-K^(w), Z p (n)) = ind^i/j^-f^u;), Z p (n)) is c.t. as 
G-module. More precisely, HlJK(w), Z p (n)) is the cokernel of the injective map 

ZpG^ -> Z P G W , mi'fl - iV^)™^" 1 ). 

Hence, its Fitting invariant is generated by nr(l— N(v ) n (/)~ 1 ). Since <5y(l— n) = n^GT nr (l — 
N (v) n (j)^, 1 ) , we are done. □ 

Proposition 5.5. Let U be a normal subgroup of G and put F := K u and G = G/U . 

Then we have an isomorphism 

^v~G®i vG CH(K/k,Z p (n)) ~ Cf (F/fc,Z p (n)) 

in T>(Z p G). In particular, SCS(K/k, S,T,p,n) implies SCS(F/k, S,T,p,n). 

Proof. The first assertion follows, since the corresponding statement holds for the com- 
plexes RT(ok,s[^], Z p (n)) and @ wE t(K) KF(K(w), Z p (n)) (the latter follows easily from 
Lemma [5.41 above) . In particular we have canonical isomorphisms 

H\C T s {K/k,Z p {n))) u ~ H\C?(F/k,Z p (n))) 

H 2 (C^(K/k,I, p (n)))u k H 2 (Cj(F/k,Z p (n))). (22) 
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Since 9%(K/k,l — n) is mapped to 6g(F/k,l — n) by the canonical projection Z p G -» 
Z p G, the natural behavior of Fitting invariants implies that if 6g(K/k, 1 — n) lies in 
Fitt^(H 2 (CT(K/k,Z p (n)))), then 

9 T s {F/k, 1 - n) G Fitt^(H 2 (CUK/k,Z p (n)))u) = Fitt^(H 2 (C^F/k, Z p (n)))) 

as desired. □ 

Corollary 5.6. suffices to prove Conjecture \5. 1\ under the additional assumption that k 
is totally real and K is totally imaginary. 

Proof. Since — n) = if k is not totally real, Conjecture 15.11 holds trivially in this 
case. So we may assume that k is totally real. Moreover, Proposition 15.51 implies that we 
may assume that K is totally imaginary. □ 

We also provide another useful reduction step. 
Lemma 5.7. It suffices to prove Conjecture \5.1\ under the assumption S p C S. 
Proof. We have an equality 

^(l-«) = «s(l-n)' II nra-iV^) 1 -^- 1 ), 

ves p ,vgs 

where w is a place of K above v. But the product on the righthand side lies in nr(Z p G x ) = 
nr(i^i(Z p G)) such that the claim follows by nr(Z p G)-equivalence. □ 

We will henceforth assume that k is totally real, K is totally imaginary and S p C S. 
For any w G Soo(K), the decomposition group G w is cyclic of order two and we denote its 
generator by j w . Consider the normal subgroup 

U := {j w ■ j w > | w,w' G Soo(L)) 

of G. The fixed field K := K u is the maximal CM-subfield of K and is Galois over 
k with group G := G/U. We already know by Proposition 15.51 that SCS(K/k, S,T,p,n) 
implies SCS{K CM /k,S,T,p,n). We now show that under a mild hypothesis the converse 
is also true. 

Lemma 5.8. Assume that U is a 2-group. Then 

SCS(K/k,S,T,p,n) <=^ SCS{K CM /k,S,T,p,n). 

Proof. If U is a 2-group, then the idempotent e\j := 2\^ u g[/ u nes i n ^pG. Hence we 

have decompositions 

Z p G = euZpG 0(1- e v )Z p G, 

Fitt^(F 2 (Cj(Z p (n)))) = Fitt^ p G(euH\C T s {Z p {n)))) 

Fitt^ x e[/)ZpG ((l - ^)# 2 (Cf (Z p (n)))). 

The first term of the latter decomposition naturally identifies with Fitt™^(ff 2 (Cj(Z p (n))){/) 

and the result follows from (|22p once we observe that 6g(K/k, 1 — n) = ejj • 9^(K/k, 1 — n) 
maps to Gg(K /k, 1 — n) under the natural identification EuQpG ~ Q P G. □ 
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Remark 5.9. Note that U is a 2-group if G has a unique 2-Sylow subgroup. This in 
particular applies to nilpotent groups. Moreover, if our primary interest was in an extension 
K/k of totally real fields, then we may enlarge K to a CM-field. 

We will now focus on CM-extensions K/k with Galois group G. We denote the maximal 
real subfield of K by K + and let j 6 G be complex conjugation. We put e n := — 2 
which is a central idempotent in G. For any Z p G-module M we have natural isomorphisms 

( M + if n is even 
[ M~ if n is odd. 

bmce e n 0^(l - n) = 0^(1 - n), Conjecture O is true if and only if 0^(1 — n) belongs to 
FitO>(en# 2 (Cf(W))). Let 

C Pjr := i?Hom Zp (i?r c (o^ s [l/p],Z p (l - n)),Z p [-2]), 

where RT c {ok,s\}-/p\i — n)) is the complex of Z p G-modules given by the cohomology 
with compact support as defined in |BF01| . p. 522. Then the complex C' belongs to 
pP erf (Z p G) and fits into an exact triangle in V(Z p G) (cf. |BF98j . Prop. 4.1).: 

RHom Zp (RT A (K(w),Z p (l-n)),Z p )[-3] — > Rr(o K)S [l/p],Z p (n)) — ► C PjJ .[-l] - 

where RHomz p (RT A (K(w), Z p (l — n)),Z p ) is given by Z p (n — 1) (placed in degree zero) 
if w is complex, and by 

r ^-J p r U-* p 7 . . . 

if w is real (which does not occur here) and <5j is multiplication with 1 — (— l) i_n for 
i = 0,1; here, the first Z p is placed in degree 0. Hence the only non-trivial term of 
RRom Zp (RT A (L(w), Z p (l - n)),Z p ) is © 

w£Soo{K) ^p{ n ~ 1) which is annihilated by e n . 

Hence we have an isomorphism 

e n Rr(oK,s[l/p},%p(n)) := e n Z p G ®| pG RT(o K ,s[ l /p\^p( n )) — e nC p>r [-l] 
in V peii (e n Z p G). In fact 

e n Hi(o K)S [l/p},Z p (n)) = Hl(o K) s[l/p\,Z p (n)) tox (23) 
such that we obtain an exact triangle 

e n C T s (Z p (n)) ^e n C p>r [-l] ^ e n RT(K(w),Z p (n)) ->• (24) 

in Pfo r r (e n Z p G). The following theorem gives the relation to the ETNC as formulated by 
Burns and Flach |BF01] , 

Theorem 5.10. Assume that K/k is a Galois CM-extension. Then e n H l (Cj (Z p (n))) 
vanishes and e n H 2 (Cg (Z p (n))) is a cohomologically trivial G-module. Moreover, the fol- 
lowing assertions are equivalent. 
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1. 6 T s (l -n)e Fitt enZpG (e n tf 2 (C7j(Z p (n)))). 

2. 0%(1 -n) is a generator of Fitt enZpG (e n H 2 (C% (Z p (n)))). 

3. The p-part of the ETNC for the pair (Q(l - n) K , e„Z[±]G) holds. 
In particular, (1) and (2) are independent of the sets S and T . 

Corollary 5.11. Assume that K/k is a Galois extension of number fields with k totally 
real and let p be an odd prime. If there exists a totally imaginary field K containing K 
such that K/k is Galois and K/K CM is a 2-extension, then SCS(K/k, S, T,p, n) holds for 
all admissible sets S andT provided that Iwasawa's fi-invariant attached to the cyclotomic 
'Lp-extension of K CM,+ vanishes. 

Proof. By Proposition 15.51 and Lemma 15.81 we are reduced to the case K = K , i.e. K 
is actually a CM-field. Now |Bubj . Cor. 2.10 shows that the relevant part of the ETNC 
holds if fi = 0. □ 

Remark 5.12. We will sketch a second proof of Corollaru \5.11\ below, using our results of 
section 2 and 3. 

The following is a non-abelian analogue of |GrP| . Th. 6.11 and also reproves |Nillc| . 
Cor. 4.2. 

Corollary 5.13. Assume that K/k is a Galois CM-extension and let p be an odd prime. 
If Iwasawa's ^-invariant vanishes, then 

Fitt^( J ffJ t (o^ s [l/p],Z p (n)) t v or )» • 6 S (1 -n) = e n Fitt^(^| t (o^ 5 [l/p], Zp(n))). 

Proof. We will make use of the validity of the above special case of the ETNC under the 
assumption fj, = 0. The e n -part of the exact sequence (|2ip is a four term sequence of finite 
e n Z p G-modules. The two middle terms are c.t. with generator <5t(1 — n ) an d #g(l — n) 
by Lemma [5. 41 and Theorem 15. 10[ respectively. The result now follows by applying [NilOj , 
Prop. 5.3 (ii) to this four term sequence. □ 

Remark 5.14. Since Hl t (oK,s[^/p]^p( n ))tor is a cyclic module, we always have an in- 
clusion 

nr(Aim^ G (l4(otf,sM 

with equality if G is abelian ( and one can drop nr as it is just the identity on 7h v G for 
abelian G). For arbitrary G, equality seems to be likely, but is not clear. 

Proof of Theorem \5.1(A Since e n H l (Cj '(Z p (n))) is torsion- free by Lemma [5 .21 and is a sub- 
module of e n H}AoK,s\\/p\} ^p( n )) which is the torsion submodule of H^ t (oK,s[^-/p]^p( n )) 
by (|23p . it must by trivial. The triangle (|24j) shows that Cj(Z p (n))e n is a perfect com- 
plex. But the only non-trivial cohomology group is e n F 2 (Cf (Z p (n))) which is thus of 
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finite projective dimension, hence c.t. as G-module. In particular, it admits a quadratic 
presentation and, using the exact triangle (|24p and Lemma [5.41 

Yitt enZpG {e n H 2 {C T s {Z p {n)))) = Fitt e „ ZpG (e n Cf (Z^n)))" 1 

= Fitt en ^ pG (e n 

•Fitt e „ ZpG (e n C Pjr [-l])- 1 
= S T (I - n) ■ Fitt enZpG (e„C Pir ). 

But Y\tt en j Jp Q{e n C p r ) is generated by 6s(l — n) if and only if the refined Euler characteristic 
Xe n i v G,e n Q v G{e n C P)r , 0) equals <9 G (6> s (l-re)), i.e. if and only if the ETNC for the pair (Q(l- 
e n Z[^]G) holds; this reformulation of the ETNC is due to Burns |BulO| . Prop. 4.2.6, 
but see jNillcj . Prop. 2.15 which applies more directly. This shows the equivalence of (2) 
and (3). Since clearly (2) implies (1), we are left with the proof of (1) ==> (2). For this, 
let E be a splitting field of Q p G; then 

E ® C(Q P G) = ((EG) = Ee x 

Xelrrp (G) 

and we may write 1 <g> 0£(1 -n) = J2 X ^(1 

— n) x e x . By [NilOj . Prop. 5.4 it suffices to 

show that 

He T s (l-n)f^\e n H 2 (Cj(Z p (n)))\, 

x 

where the product runs through all irreducible odd (resp. even) characters of G if n is odd 
(resp. even) and ~ means "equal up to a p-adic unit". By the same proposition and Lemma 
15.41 we have 

nMl-n,x) x(1) Hen Hi(K( W ),Z p (n))\. 
X weT(K) 

Using the fact that e n i? 1 (Cj(Z p (n))) vanishes and sequence (|2ip . we are left to show (in 
obvious notation) 

n%d - »)?> ~ NfHr^frif < 25 * 

x KHi t {0 K ,s[ 1 /Ph 7 'p( n ))\ 

If n is even, the left hand side equals Ck+(1 — n )) where Q K + denotes the Dedekind zeta 
function of the number field K + . Moreover, 

\e n Hl(o K>s [l/p},Z p (n))\ _ |^( 

K+ ,sf[l / / p])Z p (n))| 



I e n H} t (o K ,s [1/p] , (n) ) I \H\ t (o K+>s [l/p\ , 1 P (n) ) tor I 

such that ()25p is equivalent to the cohomological version of Lichtenbaum's conjecture which 
is a theorem due to Wiles [Wi90j in this case. If n is odd, a similar argument shows that 
(|25D is equivalent to a higher relative class number formula as formulated and proved by 
Kolster [Ko02| . Prop. 1.1. □ 
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Finally, we briefly illustrate how to use the results of section 2 and 3 to give an alter- 
native proof of Corollary 15,111 Since this will not lead to a new result, some of the details 
are left to the reader. As before, we may reduce the problem to the case, where K/k is a 
CM-extension. In fact by Theorem 15.101 the following provides a new proof of the p-part 
of the ETNC for the pair (Q(l - n) K , e n Z[|]G) if \i = 0. 

By Lemma 15.71 we may assume that S contains the p-adic places, and by Proposition 
15.51 we may assume that £ p G K. Let 1C be the cyclotomic Z p -extension of K and denote 
by >S and T the places of K, above the places in S and T, respectively. As before, let 
Q = GaMJC/k) and T = Ga\(JC/K). The exact sequence (|17p tensored with Z p (n — 1) leads 
to an exact sequence of A(t/)-modules 

Z p (n) ~ T p (A K , T )-(n - 1) T p (M^ r )~(n - 1) -» 

A spectral sequence argument leads to natural isomorphisms of Z p G-modules (cf. |GrP| . 
Prop. 6.17; the assumption on G to be abelian is not necessary) 

e n H? t (o K , s [l/p},Zp(n)) ~ X+(-n)f\, e„if] t (oA-,s[l/p], Z p (ra)) tor ^ Z p (n) r . 
Since also 

T p (A^ r )-(n-l)r^e„ Hl(K(w), Z p (n)), 

taking T-coinvariants yields an exact sequence 

i4(o^s[l/p],Z p (n)) tor ~ en H^(K(w), Z p (n)) -> 

iuer(K) 

2i(A*£ r )~(" " !)r ^ enfift(«»Jr,s[l/p],Zp(n)) 
which is rather similar to sequence (|21j) times e n . In fact, if the extension class of 
a(_)(l) applied to sequence (|17p matches the extension class of the Ritter- Weiss se- 
quence ([8]), i.e. if the complex which consists of the two middle terms is isomorphic to 
RHom{RT 6t (Spec(o K [^]),Q p /Z p ),Q p /Z p ) in V(A(G)), then T p {M^ T )-{n - l) r naturally 
identifies with e n H 2 {C T s '(Z p (ra))). If not, one can construct a four term exact sequence 

Z p (n) ~ T p (A^ r )-(n - 1) -> if (n - 1) -» X+(-n)* 

which has the correct extension class, and a proof similar to that of Theorem 13.31 shows 
that ^ s,T is a generator of Yittug)_ Of)- ^ n an y case ) we have an equality of Fitting 
invariants 

Fitt enZpG (T p (M^ T y(n - l) r ) = Fitt enZpG (e n tf 2 (Cj(Z p (n)))). 

But Theorem 13.31 implies that the left hand side is generated by t ra _i(^I , ^)(0) = #5(1 — n) 
as desired; here, for m £ Z we denote by t m the continuous Z p -algebra endomorphism of 
A(£7) induced by t m (g) = K,(g) m ■ g and we have used the following fact. Let M be a finitely 
generated torsion A(<5)-module of projective dimension at most 1 which has no non-trivial 
finite submodule. Then t m (^f) is a generator of the Fitting invariant of M{m) if ^ is a 
generator of the Fitting invariant of M; this follows from the proof of Proposition 13.41 
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